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Our aim
Approximate solutions to

Otp+ev-Vyp+ewd,p=0 in Q,
(1+7¢p)(Opv + (v - Vi + wO V) + VP = —V,(  in Q, (Euler)
uler
1(1+vep) (Oew + (v - Vy + wd)w) + 0;P = —f in Q,
Vx-v+0,w=0 in €,
where Q(t) = {(x,z) : —1 <z < e((t,x)} and
w=0 on {(x,z) : z= -1},
P=0 on {(x,z) : z=e((t,x)}, (b.c)
Ot +ev-Vy(—w=0 on{(x,z) : z=-¢((t,x)}.
with solutions to
9+ Vx- (1 +eQu) =0 inRY,
T (1) 0 sy
Oru+ e(u-Vy)u+ V(=0 in RY.

Qn : What are benefits of the shallow-water system (S-V) w.r.t. (Euler)-(b.c.)?
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“Water waves”

Otp+ev-Vyp+ewd,p=0 in Q,
(1+7€ep)(0ev + e(v - Vi + wO V) + ViP = =V( in Q,

. o (Euler)
(1 + “,fep)((?tw +e(v- Vg + W@z)w) +0;P=—vp inQ,
Vi - v+0,w=0 in Q,
where Q(t) = {(x,z) : —1 <z < e((t,x)} and
w =0 on{(x,z) : z=—1},
P=0 on {(x,z) : z=¢€((t,x)}, (b.c.)

OtC+ev-Vy(—w=0 on{(x,z) : z=e((t,x)}.

Step 1. Assume (Qn : Why can we?) that

p = 0 (homogeneous flow) and Vi, x (v, pw) = 0 (irrotational flow).

Then ‘ (v, pw) = Vy ,® ‘ and...




The water-waves system
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“Water waves”

[0+ ev - Vf+ ewdzfp = 0| in Q,
(14 7€p) (Oev + €(v - Vx + w,)V) + VxP = —Vi( in Q, (Euler)
(L + ~vep) (Oew + (v - Vi + wd)w) + 0,P = —p in Q,
Ve v+0,w=0 in Q,
where Q(t) .= {(x,z) : —1 <z < e((t,x)} and
w =0 on{(x,z) : z=—1},
P=0 on {(x,z) : z=¢€((t,x)}, (b.c.)

OC+ev-Vy(—w=0 on{(x,z) : z=e((t,x)}.

Step 1. Assume (Qn : Why can we?) that

p = 0 (homogeneous flow) and Vi, x (v, pw) = 0 (irrotational flow).

Then ‘ (v, pw) =: VXVZCD‘ and...
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“Water waves”

(1+7€p)(0ev + e(v - Vi + wO V) + ViP = =V(| inQ,
(L4 ~vep) (Oew + (v - Vi + wd)w) + 0,P = —p| in Q, (Euler)

Vx-v+0o,w=20 in Q,
where Q(t) = {(x,z) : —1 <z < e((t,x)} and
w =20 on{(x,z) : z=—1},
P=0 on {(x,z) : z=¢€((t,x)}, (b.c.)
Oh(+ev-ViC—w =0 on{(x,2) : z=e((t;x)}.

Step 1. Assume (Qn : Why can we?) that

p = 0 (homogeneous flow) and Vi, x (v, pw) = 0 (irrotational flow).

Then | (v, uw) =: Vx ,® | and...
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“Water waves”

8tvx,z¢ + %vx,z(‘vx,zq)‘z) + VX’Z(P + C) =0 in Q,
’Vx~v—|—8ZW:O‘ in Q,

where Q(t) = {(x,z) : —1 <z < e((t,x)} and

w=0 on {(x,z) : z= -1},

P=0 on {(x,z) : z=e((t,x)},
O +ev-Vy(—w=0 on{(x,z) : z=¢e((t,x)}.

Step 1. Assume (Qn : Why can we?) that

Higher-order models

(Euler)

(b.c.)

p = 0 (homogeneous flow) and Vi, x (v, pw) = 0 (irrotational flow).

Then | (v, uw) =: Vx ,® | and...
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“Water waves”

8tvx,z¢ + %vx,z(‘vx’zq)‘z) + VX’Z(P + C) =0 in Q,
PP + 020 =0 in Q,

where Q(t) = {(x,z) : -1 <z <e((t,x)} and

on {(x,z) : z=—1},

P=0 on {(x,z) : z=¢€((t,x)},
O(+ev-Vy(—w=0 on{(x,z) : z=e((t,x)}.

Step 1. Assume (Qn : Why can we?) that

Higher-order models

(Euler)

p = 0 (homogeneous flow) and Vi, x (v, pw) = 0 (irrotational flow).

Then | (v, uw) =: Vx ,® | and...
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“Water waves”

{ 9t Vx,z® + 5V z(|Vxz®?) + Vi (P+¢) =0 inQ,

AP + 920 = 0 in Q, (Euler)
where Q(t) = {(x,z) : —1 < z < e((t,x)} and
0,9=0 on{(x,z) : z= -1},
P=0 on {(x,z) : z=e((t,x)}, (b.c.)

’8tC+ev~VxC—W:O‘ on {(x,z) : z=e((t,x)}.

Step 1. Assume (Qn : Why can we?) that

p = 0 (homogeneous flow) and V, , x (v, uw) = 0 (irrotational flow).

Then ‘ (v, pw) =: nyzdﬂ and...
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“Water waves”

atvx,z(b + %Vx,z(‘vx,z(b‘z) + VXJ(P + C) = 0 in Q,
(Euler)
pALP + 020 =0 in Q,
where Q(t) .= {(x,z) : —1 <z < e((t,x)} and
0,=0 on{(x,z) : z=—1},
P=0 on {(x,z) : z=-¢€((t,x)}, (b.c.)

0t + e(Vx®) - Vi( — %8z¢ =0 on{(x,z) : z=e((t,x)}.

Step 1. Assume (Qn : Why can we?) that
p = 0 (homogeneous flow) and Vi, x (v, pw) = 0 (irrotational flow).

Then | (v, uw) =: Vx ,® | and...

Step 2. Notice & is uniquely determined by
¢ = ¢|z:(§ .

(Qn : Why?) Then...
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“Water waves”

{ 0Vxz® + 5Vxel[Vua®?) + VaalP+ ) =0 in @ oy
PP + 020 = 0 in Q,
where Q(t) = {(x,z) : —1 <z < e((t,x)} and

0,=0 on{(x,z) : z=—1},

P=0 on {(x,z) : z=-¢€((t,x)}, (b.c.)

0t¢ + e(Vx®) - Vi( — %@CD =0 on{(x,z) : z=e((t,x)}.

Step 1. Assume (Qn : Why can we?) that
p = 0 (homogeneous flow) and Vi, x (v, pw) = 0 (irrotational flow).

Then | (v, uw) =: Vy ,® | and...

Step 2. Notice & is uniquely determined by
w = ¢|z:c§ .

(On * Whv?) Then



The water-waves system
[ 1o}

“Water waves”

Euler
uA d 4 32 in Q, ( )

where Q(t { C-l<z< e(( x)} and
on {(x,z) : z= -1},
on{(x,2) : z=¢((t,x)}, (b.c.)

0t + ¢(Vx®P) - Vi( — %OZCD =0 on{(x,z) : z=e((t,x)}.

{ at¢+ |vxz¢| )|z ;§+<—0 in Rd

Step 1. Assume (Qn : Why can we?) that
p = 0 (homogeneous flow) and Vy , x (v, uw) = 0 (irrotational flow).

Then | (v, uw) =: Vy ,® | and...

Step 2. Notice ¢ is uniquely determined by

Y= Plo=c |

(Qn : Why?) Then...



The water-waves system
[ 1o}

“Water waves”

{ atdj + |vx z¢| )|z eC +< =0 in Rd
(Euler)
uA S+ 0% in Q,
where Q(t) = {(x C-l<z< e(( x)} and
8z<l>:0 on{(x,z) : z=—1},
O =1 on {(x,z) : z=-¢€((t,x)}, (b.c.)

0eC + «(Vx®) - V¢ = 19,9 =0 on {(x,2) : z=e((t,x)}.
Step 1. Assume (Qn : Why can we?) that
p = 0 (homogeneous flow) and Vi, x (v, pw) = 0 (irrotational flow).
Then | (v, uw) =: Vx ,® | and...
Step 2. Notice & is uniquely determined by
)= 0= |

(Qn : Why?) Then...



The water-waves system The shallow-water limit Higher-order models
oce 000000 000

The water waves system
We derived the water waves system (for homogeneous, irrotational flows)
{ 0:C + «(Vx®)|o=cc - VxC = (8:9)|;=cc =0 in RY,
Ot + 5(IVxz®?)|z=cc +¢ =0 in RY,
where @ is determined on Q(t) == {(x,z) : —1 < z < e((t,x)} by
AP + 020 =0 in Q,
0,9=0 on{(x,z) : z=—1}, (Laplace)
o=1q on {(x,z) : z=e((t,x)}.

Qn : What are benefits of (water-waves) with respect to (Euler)-(b.c.)?

(water-waves)

There exists T > 0 such that for all (¢°,4?) initial data in a
suitable Banach space X* (s > s),

there is a unique (¢,v) € C([0, T /€]; X®) local-in-time solution to
(water-waves)-(Laplace) and (|;—g = €%, ¥|t=0 = ¢°
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The water waves system
We derived the water waves system (for homogeneous, irrotational flows)
{ OtC + e(Vx®)[z=c¢ - Vx( — i(azq)”z:e{ =0 inRY,
O+ 5(IVaz®?)z=ec +¢ =0 in RY,
where @ is determined on Q(t) == {(x,z) : —1 < z < e((t,x)} by
AP + 020 =0 in Q,
0,9=0 on{(x,z) : z=-1}, (Laplace)
o=1q on {(x,z) : z=e((t,x)}.
Qn : What are benefits of (water-waves) with respect to (Euler)-(b.c.)?

(water-waves)

Well—posedness [Alvarez-Samaniego—Lannes (2008), Iguchi (2009), Fradin (2026)]

There exists T > 0 such that for all (¢°,+°) initial data of size 1 in a
suitable Banach space X* (s > s),

there is a unique (¢, ) € C([0, T /¢]; X®) local-in-time solution to
(water-waves)-(Laplace) and (|;—o = ¢°, ¥|i=0 = ¥°.
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From the water waves to the shallow water system

We derived the water waves system (for homogeneous, irrotational flows)

O+ G(qu’)’z:eg - Vx( — l(82(1))’2254 =0 in Rd,
5 : o (water-waves)
Oeh + 5(|Vx,z®[7)z=c + (=0 in R?,
where @ is determined on Q(t) == {(x,z) : —1 < z < €e((t,x)} by
AP + 020 =0 in Q,
0,9=0 on {(x,z) : z= -1},

(Laplace)
O =1 on {(x,z) : z=¢€((t,x)},

We wish to prove that solutions to (Laplace) satisfy
(Ve®)|—cc - Vi — 2(0,9)|,zcc = Vi - (14 €Q) Vit
5(IVxz® ) z=ec = 5(IVx¥]?)

and then (water-waves) becomes (formally) (S-V) (with u = V).



The water-waves system The shallow-water limit Higher-order models
[o]e] 0e0000 000

From the water waves to the shallow water system
We derived the water waves system (for homogeneous, irrotational flows)
{ 0eC + €(Vx®)|z=e¢ - VxC = 1(0:0)[z=¢ = 0 in RY,
Oeth + 5(IVe,z®)]z=ec + ¢ =0 in RY,
where @ is determined on Q(t) == {(x,z) : —1 < z < €e((t,x)} by
AP + 020 =0 in Q,
0,9=0 on{(x,z) : z=—1}, (Laplace)
=1 on {(x,z) : z=¢€((t,x)},

(water-waves)

We wish to prove that solutions to (Laplace) satisfy
€(vx¢)|z:ec : VXC - %(8Z¢)|Z:€< ~ Vy - (1 + (C)wa
5(IVxz® ) z=cc & 5(IVx¥ )
and then (water-waves) becomes (formally) (S-V) (with u = V).
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The Laplace problem

pPAD + 020 =0 in Q= {(x,2) : -1 <z<e((t,x)},

0,%=0 on{(x,z) : z=—1}, (Laplace)
=19 on {(x,z) : z=e((t,x)},
Proposition

Let ¢ € W1°°(R?) be such that infgd(1 + ¢C) > h, > 0. Then

@ For any ¢ € H*(RY) there exists a unique ® — 1 € H}(Q) such that
® is a variational solution to (Laplace).

@ There exists p € N such that for all k € N, if (V,() € HP(RY)
then V, ,® € Hk(Q) and

V2@l gy < €Ok A 1€ ptina) |V oy

where C(e) depends non-decreasingly on e, but not on p € (0, 1].
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[o]e] 00e000

The Laplace problem

pPAD + 020 =0 in Q= {(x,2) : -1 <z<e((t,x)},
0,%=0 on{(x,z) : z=—1}, (Laplace)
=19 on {(x,z) : z=e((t,x)},

Sketch of the proof (elliptic theory; see e.g. [Lannes (2013)]).

@ weak formulation & Poincaré inequality (bounded domain in z and zero-trace at z = ()

~~ existence and uniqueness by Lax—Milgram.

@ Flattening the domain (X,z) = (x, i+:g(x ),

- (@V) : ((1d+A(e<,uevx<)) (‘/‘W ) ) =0 inE={(xz): -1<z <0}k

Control x-derivatives by finite induction on k, using product and commutator estimates in
Sobolev spaces H¥(X), and the variational bound in L2(X).

Control z-derivatives using directly the equation 92¢ = —AL®.
Ex : Do it (or check details in [Lannes (2013), Chap. 2] or [D. (2021), Prop. 4.5]) O
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Shallow-water asymptotics

pPAKD + 020 =0 in Q= {(x,2) : —1<z<e(t,x)},
0,9 =0 on{(x,z) : z=—1}, (Laplace)
b =1 on {(x,z) : z=¢€((t,x)},

Proposition (Consistency)
Let ¢ € W*°(R) such that infga(1 + €¢) > h, > 0. There exists p € N
such that for all k € N, if (V,¢) € HP(R?) then
6(vxcl>)|z:eC : VxC - %(8z¢)‘z:ec — vx : ((1 a EQ)Vx@b) + ,uRl
5(IVaz®) 2= = 5(IVx¥I?) + 1R

with

‘(Rl, VXR2)‘HI< < C(k7 h::l? (vaw)}h’kﬂ:)‘(g: Vw)‘,.,kw
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[o]e] 000800 000

Shallow-water asymptotics

AP + 020 =0 in Q:={(x,2) : —1<z<e(t,x)},
0,9=0 on{(x,z) : z=-1}, (Laplace)
=1 on {(x,z) : z=e((t,x)},

Proposition (Consistency)
Let ¢ € W1°°(R) such that infga(1 + ¢¢) > h, > 0. There exists p € N
such that for all k € N, if (V4,¢) € H*P(R?) then
€(Vx¢)|z:eg“ - Vx( — %(azq)”z:ec = Vx- ((1 + €C)Vx'¢]) + pky
5(IVxz®?)lz=cc = 5(IVx¥[*) + 11R2

with
’(RlavXR2)‘Hk S C(ka h;lv (Cavw)}Hk+p)‘(C7 vw)‘/_/kwtp
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Shallow-water asymptotics

x) 2
d(x,z) = P(x) + /1,/ /_1 Axd(x, 2")dZ"
 Vab(x,2) = V() + O(), 20,00, 2) = (x + 1)AG() + Op)

Proposition (Consistency)
Let ¢ € W1°°(R) such that infga(1 + €¢) > h, > 0. There exists p € N
such that for all k € N, if (V¢,() € H*P(R?) then
(Vs®) omc - Vol = 10,0 amrc = Vi - (1 + €)Vo) + iRy
5(IVxz®*)lz=cc = 5(IVx¥[*) + 1Rz

with
(S V)| s

‘(RlavXR2)‘Hk = (k

Qn : Are we done yet? Qn : Can we (and should we) continue the
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Stability
Consider the linearized shallow-water system
FC+ (1+eQ)Vx-t+et-Vi( =0 inRY,
e (L ed) . ¢ (lin. S-V)
Ot +e(b-Vy)u+ V(=0 in R9.
Proposition (Stability)

Given (C, u) and (¢, @) sufficiently regular solutions to (lin. S-V) such that
infra 1 + € > h, > 0, one has

’(é?ﬁ”t:T/c’Lz(Rd) < C(h:17 (C u

)’ Wt{;oov T)‘(Ca l.‘)|t‘:0 ’ L[2(R)

Sketch of the proof (energy method; see e.g. [Benzoni-Gavage&Serre (2007)]).
Integrate the first equation of (lin. S-V) against ¢, and the second equation against (14 eQ)u
d 1 . 1. - . ..
= GEC) = [ (Ve WP + 3O+ T (1 + D)l — (VO) - (Coax

< e Ch (G )] 1.0 )E(C )
where £(¢,9) = 3 fRd(C)2 (1 + €€)|ul2dx. Then use Gronwall's Lemma. O
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Consistency + stability = convergence
Using the stability estimate with (¢, ) = (9¥¢, d*u) allows to bootstrap
a control in H*(RY) ¢ WLH(RY) (s > 1+ d/2).
Well-posedness
There exists T > 0 such that for all (¢° u®) such that
infra 1+ €% > h, >0, and |(¢% u%)|,, <1 (s>1+d/2),
there is a unique (¢, u) € C([0, T /¢]; H®) solution to (S-V) and
(Cv u)|t=0 = (CO’ uO)_

Using the stability estimate with (( u) the difference between the water
waves and the shallow water solutions and the consistency vyields

There exists p € N and T > 0 such that for all k and all initial data
(¢%, 4°) such that infga 1+ ¢¢® > h, > 0 and |(¢°, Vi0) hr, S 1,
the solutions (¢, 1) to (water-waves) and ((sw, Usw) to (S-V) satisfy

VT S [O T/ ]f ‘(Q o CS\\", VU o usw)‘t*/'

Hk S T.
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Consistency + stability = convergence

Using the stability estimate with (¢, ) = (9¥¢, d*u) allows to bootstrap
a control in H5(RY) ¢ WLH°(RY) (s > 1+ d/2).

Well-posedness

There exists T > 0 such that for all (¢°,u®) such that

infra 1+ €% > h, >0, and |(¢% u%)|,, <1 (s>1+4d/2),
there is a unique (¢, u) € C([0, T /¢]; H®) solution to (S-V) and
(C’ u)|t=0 = (Coa uO)_

Using the stability estimate with (C, u) the difference between the water
waves and the shallow water solutions and the consistency yields

Convergence

There exists p € N and T > 0 such that for all k and all initial data
(¢°, 4°) such that infga 1+ €¢® > h, > 0 and |(¢°, V°)| iy S 1,
the solutions (¢, 1) to (water-waves) and ((sw, Usw) to (S-V) satisfy

VT € [07 T/E]a }(C — Gswy VY — usw)’tZ‘rlHk S ur.
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Failures of the shallow-water system

Surface deformation at t= 0.000 Surface deformation att=0.000
1.00 1.00
water waves
Saint-Venant
075 0.75
< 050 - < 050
025 0.25
0.00 : i : ] 0.00
-5.0 -25 0.0 25 5.0 -5.0

X

p=107"2 e=1/4

Qn : Which situation can we improve by considering refined shallow-water
models?
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Failures of the shallow-water system

Surface deformation at t=5.000 Surface deformation at t=0.000
1.00
r waves ater waves
06 Saint-Venant Saint-Venant
05 0.75
0.4
S o3 < 050
0.2
0.25
0.1
0.0
. . . . . 0.00 N . N )
-10 -5 0 5 10 -5.0 -25 0.0 25 5.0
b3 X

p=10"2 c=1/4 p=10"2 ¢=10"2

Qn : Which situation can we improve by considering refined shallow-water
models?
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Failures of the shallow-water system

Surface deformation at t=5.000 Surface deformation at t= 40.000
r waves ater waves

06 Saint-Venant 0.5 Saint-Venant

05 0.4

0.4
03

S 03 =

0.2

0.2
0.1

0.1
0.0 A

0.0

-10 -5 0 5 10 20 30 20 50
b3 X

p=10"2 c=1/4 p=10"2 ¢=10"2

Qn : Which situation can we improve by considering refined shallow-water
models?
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Highef—érder models

The dispersion relation associated with the water-waves system linearized

about the rest state is (Ex : Prove it or check [Lannes (2013), §1.3.2] or [D.

(2021), §ii.]) _
2(k) — (k|2 sinh(/7z|k]|)
(v/7|k[) cosh(y/klk|)
Some rational function approximations are
dispersion relation ‘ model example
w?(k) = |k|? ‘ shallow-water

Qn : Can you propose higher-order (rational function) approximations?
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Higher-order models

The dispersion relation associated with the water-waves system linearized
about the rest state is (Ex : Prove it or check [Lannes (2013), §1.3.2] or [D.
(2021), §ii.])

200 — kP2 sinh(/7z|k]|)
(k) = |k (/72|k[) cosh(/zlk])”

Some rational function approximations are

dispersion relation model example
w?(k) = |k|? shallow-water
w?(k) = |k|?(1 — %u|k[2) bad Boussinesq
w?(k) = |k’21+11,4k|2 Serre-Green—Naghdi
=0 2

(k) = kB Choi

1+5ulk[?

1—|—i,u,|k\2 .
w?(k) = |k[>—L—— Isobe—Kakinuma

1+ ulkf?

Qn : Can you propose higher-order (rational function) approximations?



Thoughts to go

@ We have rigorously justified a shallow water model, following the roadmap
consistency + stability = convergence.

@ We used tools for elliptic (consistency) and hyperbolic (stability) PDEs,
keeping track of the parameters.

@ Our strategy demands strong regularity assumptions, but offers quantitative
results (such as convergence rates).

@ A variety of models coexist, and none is perfect.
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Next talks

1. Singular limits. Justification of the model used in the Tolosa simulation.
IV. and V. We discuss some aspects of shear velocities and variable density.
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