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The multilayer Saint-Venant model

0tCn + Z,N:n V- (h,‘ u,-) =0
(t,x) € R x R?
Dewn + Y7y BLLEUC 4 (0, VU, =0

with h, = 0, + ¢ — (h+1 and conventions (yy1 =0 and pg = 0.
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A quasilinear system
One can rewrite the system as
0:U + A*[U]oU + A’ [U]o,U = 0,

with U= (C1,. .., (s U, uf, 0y, ..o uy) T and
M) HQ 0
A*[U] = R D(uX) 0
0
where D(u) = diag(uy, ..., uy) and

M = (U?—Ufil) , H= (hl) , R= (0)
(0) (0) (g(Pi*Pi—l))

Pn
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A quasnlmear system

One can rewrite the system as

;U + A*[U]0xU + AV [U]9,U = 0,

Wlth U:(Cl,...,CN,Uf,...,U;;,Ui/7...,uxl)T and
def M(UX) H(C) 0
AX[U] = R D(uX) 0
0 0 D(uv)

where D(u) = diag(uy, ..., uy) and

M:(I" (“i(_“ixl))’ H:(Il' (h/))7 R:( (0))
(0) o) . (M)

Rotational invariance [Monjarret '14]

def

AlU, €] = €AY U] + &7 AY[U] = Q(&) T A[QOVIQ(E) ¢,

1 1€y 0 0
with Q(§) = O Ely &y |, homogeneous of degree 0.
€] ey
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Hyperbolicity

Sufficient conditions for hyperbolicity [Ripa '90, VD '14, Monjarret '14]
Given 0 < p1 < p2 < --- < pn and hy, ..., hy > 0, there exists v > 0 s.t.

|u,- — u,-_1| <V,

one can construct positive definite (symbolic) symmetrizers of the system.

Proof.By rotational invariance, it suffices to give a symmetrizer of A, or d = 1.

@ Explicit symmetrizer from the Hessian of the energy + momentum

@ if uy =--- = u, = U then Alu] has 2N distinct eigenvalues, Ay, = iy;lp
with 1, eigenvalue of a N-by-N symmetric, tridiagonal matrix
—~ —— —~— ~
== = = =
N

NV

By perturbation A[u] has 2NN simple, distinct eigenvalues; and S =Y P P,.
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Hyperbblitri't'y

Sufficient conditions for hyperbolicity [Ripa '90, VD '14, Monjarret '14]
Given 0 < p1 < p2 < --- < pn and hy, ..., hy > 0, there exists v > 0 s.t.

|u,- — u,-_1] <V,

one can construct positive definite (symbolic) symmetrizers of the system.

v

Proof.By rotational invariance, it suffices to give a symmetrizer of AX, or d = 1.

@ Explicit symmetrizer from the Hessian of the energy + momentum [Ripa '90]

@ if up =+ = u, = T then A[u] has 2N distinct eigenvalues, Ay, = -y
with p, eigenvalue of a N-by-N symmetric, tridiagonal matrix [Benton '53].
P —— —~ _
== == = =

N N

NV

By perturbation A[u] has 2N simple, distinct eigenvalues; and S =>" P P,.
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Hyperbolicity

Sufficient conditions for hyperbolicity [Ripa '90, VD '14, Monjarret '14]
Given 0 < p1 < p2 < --- < pn and hy, ..., hy > 0, there exists v > 0 s.t.

\u,- = u,-_1] <V,

one can construct positive definite (symbolic) symmetrizers of the system.

v

Well-posedness of the Cauchy problem

Given ¢?,...,¢%,ud, ... u € H*(RY), s > d/2 + 1, satisfying the above,
there exists T > 0 and a unique strong solution to our system in
C([0, T); H*(R¥)N(d+1)) with such initial data.

More detailed result in [Monjarret '14]
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Large time well-posedness
1 1
U<+ eU Oy €0y — O U+ ZAX[EU]&(U + EAy[eU]ﬁyU =0

is well-posed in H®, s > % +1onte|0,T) provided e is sufficiently small.
Uniform energy estimates
If Ue L>°([0, T); H®?) (s > d/2 + 1) then there exists Cp, C; such that

vt € [0, T], t) < G|

0) exp(Cyt).

(S +es®[U) AU + (SO +esOIU])A* (A + AD[U]) 2L = o
€
with A° = (Id — 92)%/? and d = 1. The L? inner product with A*U yields
((s<°>+(s<1>[u1) U, u) . %([at,s@u(s(l)[uﬂ U, u)
+ ((s<°> L+ SO A, 2A© + AD U] 8, U)

2 ([0x (5@ +SO[U]) (ZAO + AO[U]] A7, A7U)

N =
Sl

Continuous stratification
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Large time well-posedness
1 1

U<+ eU Ot < €0y = 0:U+ —A*[eU]o U+ -AY[eU]0,U =0
€ €

is well-posed in H®,s > % +1lonte|0,T) provided € is sufficiently small.

Uniform energy estimates

If U e L>=([0, T); H®) (s > d/2 + 1) then there exists Cy, C; such that
Vee[0,T], ||V (t) < Gol|[U]| 4(0) exp(Crt).

(SO +esOU))ABU + (S(O)JreS(l)[U])AS(%A(O)+A(1)[U]>8XU ~ 0.

with A* = (Id — 92)*/2 and d = 1. The L? inner product with A°U yields
1d 1
— = ((s©® 1) SU.ASU) = = (0) ) SU.AS
52 (8@ 4+ SOUNATUAU) = 2([0:,5O + SDUI| AU, V)

1

+ (9 + s [, -
%([ax, (SO +sMu)) (%A(O) +AM[U])] AU, A*U)

A© 1 AM{U]) 8, U, /\SU)

+
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Asymptotic behavior (d = 2)

OeGo+ LN V- (B ui) =0
(h; = 5n+€Cn_€Cn+1)

8tun + %27:1 WVC} + (un . V)un =0

Q@ Asc—0,¢(,—~0and u, — uE solution to

V-ul =0, ol 4+ (uE - V)b = —vp, (E)

@ We recover strong convergence on [0, T) by adding (2°, u° solution to

n

N n
ac 1 ac ] ac 1 g(pl o /)’71) ac
0¢Cp +;ZV'(5,'U/ )=0 Oruj, +FZ;V(,7 =0 (AW)

Pn

Rk 1 : See [Parisot, Vila '15] for robust numerical schemes.

Rk 2 : One could be more clever and obtain arbitrarily large time results.
Rk 3 : Euler's incompressible limit [Klainerman, Majda, Ukai, Asano etc. '80s]
Rk 4 : Constants depend on 0;/0; and (p; — pi—1)/(pj — pj—1)

5/16
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Asymptotic behavior (d = 2)
0+ LI, V- (hf ui) =0
(hfr = 6n+€Cn_€Cn+1)
8tun + %2721 %VC} + (un . V)un = 0

QO Asc—0,(,—~0and u, — uE solution to

V-ul =0, 0wl 4+ (- vub = -vp, (E)

@ We recover strong convergence on [0, T) by adding (2°, u2® solution to
g g y gGCp Uy

N n
ae 1 e ae 1 i — pi— .
0T V) =0 ety B Pty o (aw)

)
i=n i=1 Pn

Rk 1 : See for robust numerical schemes.
Rk 2 : One could be more clever and obtain arbitrarily large time results.
Rk 3 : Euler's incompressible limit

Rk 4 : Constants depend on 0;/0; and (p; — pi—1)/(pj — pj—1)
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Asymptotic behavior (d = 2)
0o+ 1L, V- (hf i) =0

(h; = 5n+€Cn_€<n+1)
8tun + %27:1 %VQ’ + (un . V)un = 0

QO Asc—0,(,—~0and u, — ul,? solution to

V-ul =0, 0wl 4+ (- vub = -vp, (E)

@ We recover strong convergence on [0, T) by adding (3¢, u2° solution to

N n
ac 1 acy __ ac 1 g(pi - pi—l) ac __
0:Ch +ZZV'(5i ui‘) =0 oru?; +EZ— V=0 (AW)

i=1 n

Rk 1 : See for robust numerical schemes.

Rk 2 : One could be more clever and obtain arbitrarily large time results.
Rk 3 : Euler's incompressible limit

Rk 4 : Constants depend on 6;/6; and (p; — pi—1)/(pj — pj-1)
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Asymptotic behavior (d =2)

0¢Cn + % Z:I'V:nv - (hj ui) =0
(h; = 5n+€Cn_€Cn+1)
ﬁtun + % 27:1 %VQ + (un : V)un =0
QO Asc—0,(,—~0and u, — u},? solution to

V-ul =0, 9wl 4 @l vl =-vp, (E)

@ We recover strong convergence on [0, T) by adding (3¢, u2° solution to

N n
ac 1 acy __ ac 1 g(ﬂi—Pi—l) ac __
O+ Y V(0u) =0 o=y EL LG~ 0 (AW)
i=n

=1 n

Rk 1 : See [Parisot, Vila '15] for robust numerical schemes.

Rk 2 : One could be more clever and obtain arbitrarily large time results.
Rk 3 : Euler's incompressible limit [Klainerman, Majda, Ukai, Asano etc. '80s]
Rk 4 : Constants depend on 0;/6; and (p; — pi—1)/(pj — pj—1)



© Weak stratification
@ Main result
@ Sketch of the proof



Introduction Small data Weak stratification Continuous stratification

After non-dimensionalization, the multi-layer Saint-Venant system reads
ﬁt% + 071 Z,N:l V- (hju;) =0
8:Ca+ N, V- (hu;) =0 (FS)
Oetin + 017, 'V 7 S, VG (un - V)u, = 0

with b, = 6 + o — (o1, where 8y, 7, C (0,00), 75 ~ 1 and | o < 1|

Claim : As 9 — 0, one can approach the solution as the superposition of a
“fast mode" and a “slow mode".
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Mode decomposition
Slow mode : Free-Surface Rigid Lid system with Boussinesq approx.
%4— Qil ZlNzl V- (h,~u,') =0
0¢Cn + vazn V- (hiuj) =0 (RL)

Orup + 0 9P 4 Vp 4+ 97130, VG + (up - V)u, =0

with h; = d1+ 51 - <2, hn =6, + Cn - <n+1

Fast mode : Acoustic wave system

0>t + VAR (le\il h,‘U,‘) =0

(XN hiu) + 0 H(ZN,6)VE = 0
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Mode decomposition
Slow mode : Free-Surface Rigid Lid system with Boussinesq approx.
%‘F ot ZlNzl V- (hu;)=0
0eCn+ Y1, V - (hiup) = 0 (RL)

Deun + 0 9T+ Vo + 07 130, VG + (up - V)uy =0

with hy = (51-1— El — <2, hp = 5n + Cn - <n+1

Fast mode : Acoustic wave system

81:% + g”V . (ZlNzl h,-u,-) =0

Or( 1Ly hiug) + 0 (X, 6)VE = 0
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Main result
8t% + Qil va:l V- (h,-u,-) =0

0eCo+ SN, V- (hiu;) =0 (FS)

Owup, + 971'}’;1v% + 'Y;l Zfzz VG + (u, - V)u, =0

with hp = 0y 4 Co — Coy1, where 8, ry C (0,00), 7, &~ 1 and .

Main results

d 81
Let ¢3,u% € H* (s > 1+ 9) such that h, > hg > 0 and 2, 0 ul
There exists v > 0 such that if |u,, — U1, <V, then

e <M.

@ There exists T(M, hy') > 0 and a unique strong solution U, € C([0, T]; H*).
Q As 90— 0, ((n,psun,,) converges weakly towards a solution to (RL).

Q If [V, + |2, V- (hu)
@ We can construct U,pp,=(RL)+(AW), such that U, — U,p, — O strongly.

0 Reics .
s < oM"initially, then the CV is strong.
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Step 1 : Change of variables

0L+ 0 YN, V- (hu) =0
DeCo+ N V- (hiu)) =0

Deun+ 071 'VE 4,1 S, VG
+ (up - Vu, =0

with b = 61 + 0% — G2, hn = 80 + (o — Cosa-

Define V &' (i},(,,,v,,,w) with (n=2,...,N)

def def
Vp = YnUp — Yn—1Up—1 and E hpup,.

This the Saint-Venant system reads
1 1
oV + =BYo.v + BY[via.v + =BYo,v + BM[VIo,V = 0.
and satisfies rotational invariance:

(B + BUIV)E + (B + B V])E, = Q€)' (B + BU[QEV]) Q&) ¢
with Q(€)™* = Q(€) T, homogeneous of degree 0.
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Step 1 : Change of variables

at%+9712:\lzlv'(hiui):0 Bf%—i—%VN-w:O
0rCn + vazn V- (hiuj) =0 OeCn + 222, V - (hiui) = 0
~> OeVn + rnan + ['Yl(u' : V)U,]: Z 1= 0
ey + 0 VS 4yt 0, VG dew + ZIMT S LS E(OVE
ok o e -
with hy = 81+ 0% — (o, hy = 6 + Co — Crs1. S thi = 30 8+ O(e)

Define V (‘:;,C,,,v,,,w) with (n=2,...,N)

def def
Vp = YnUp — Yn—1Up—1 and E hpup,.

This the Saint-Venant system reads
1 1
8V + =BYa.v + BY[V]Io,V + -BYa, v + BY[V]o,V = 0.
and satisfies rotational invariance:

(B + BUV])& + (B + BI[V])&, = Q€)™ (BY + B[ROV Q&)
with Q(€)™* = Q(€) T, homogeneous of degree 0.
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Step 1 : Change of variables

Ot +1V-w=0
0 + ZII.\I:”V < (hiuj)=0
s atVn+rnv<n ['y,(u,'V)u,]: Z 1 =0
Dow + = 1'v<1+zf( OV
—|—ZI:1V (hiui®@u;)=0

with b = 61+ 0 — G2, By = 8n + (o — Cota. SV thi =N 6+ O(0)

Define V ( ,Cns Vo, W) with (n=2,..., N)

def def
Vn = YaUp — Yn—1Un—1 and E hpu,.

This the Saint-Venant system reads
1 1
oV + EBS’)aXv + BY[V]o.V + EB}")ayv + BM[V]g, v = o.
and satisfies rotational invariance:

(B + BUV)E+ (B + BPIV])E = Q) (B + BLQ(EVI) Q(€)Ie]
with Q(&)™! = Q(&) T, homogeneous of degree 0.
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Step 2 : Symmetrization

The Saint-Venant system reads

oV + 1BOa.v + BOV]a.V + 1B§°>ayv + BYVIO,V —
where e
1

(EB£°>+B£”[V1)§X+( B + BOV])¢, = Q€)™ (Q B + BYIQ(EV]) Q(E) €.

Define M*'° such that
I—IslowB)(<0) _ O(Q)

There exists Sc[V] such that
@ S.[V] and SX[V](lBiO> + Bil)[V]) are symmetric;
@ S.[V] > c Id, provided
hy > ho >0 and |v,| <. (H)
o 5 [V] =59 + sW[v] with
SOV(Id — M%) = 0(p)  and  SP[V] — SPNTY V] = O(p).

The (symbolic) symmetrizer of the system is S[V, ] = Q(£) T S, [Q(&) V]Q(€).
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Step 2 : Symmetrization

The Saint-Venant system reads

OV + %Bﬁ")axv + BYV]aV + 1B§°>ayv + BM[V]g,V = o.

where
(§B£°>+B£”[VI)£X+ (éB BMV])E, = Q€)™ ( B + BM[Q(E)V]) Q(E)[€].

Define M*'°" such that
HSIOWB)EO) — O(Q)

A “good” symmetrizer
There exists Sc[V] such that

@ S5.[V] and S [V]( BY + B(l)[V]) are symmetric;

@ S,[V] > c1d, provided

hn > ho >0 and |v,| <. (H)
o 5 [V] =59+ sY[V] with
SOIVIId — Ny = O(p)  and  SW[V] — SWMEY V] = O(p).

The (symbolic) symmetrizer of the system is S[V,&] = Q(&) ' Sx[RQ(&) V] Q(E).
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Step 2 : Symmetrization
The Saint-Venant system reads
8V + %Bﬁ‘”@xv + BY[V]o.V + %Bﬁ‘”ayv + BY[V]o,V = 0.

where

1

(;BS” +BOV)e + (2

“BY + BPIVI), = QO (B + BUIR@ VD) Qe)ie)

Define M*'°" such that
I—IslowB)(<O) _ O(Q)

A “good” symmetrizer
There exists Sc[V] such that

@ S,[V] and SX[V](%BS)) + Bﬁl)[V]) are symmetric;

@ S,[V] > c1d, provided

hn > ho >0 and |v,| <wv. (H)
o 5 [V] =59+ sW[V] with
SOVIAd — ") = 0()  and  SPV] = SP[M V] = O(o).

The (symbolic) symmetrizer of the system is S[V,&] = Q(€) " S« [Q(£) V]IQ(€).
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Step 2 : Symmetrization

o 1B has 2N distinct non-zero eigenvalues

1
4

A< < AN <0< AN < <A
and an orthogonal null-space of dimension N, range(,).

—~— Y= @ ~
—_— N T~ T~

N —

Continuous stratification
0000

A

The spectral projections P4, are smooth and bounded as o — 0.

@ Perturbation :

1 v] = 1BO 1 uld + 6BI[V](1d — MF°") + 6B V] + O(0)

If M1°"V is sufficiently small, then the eigenvalues remain separated.
Moreover, P41[V] and -7, P,[V] + P_,[V] deviate only by O(p).

@ Thus we construct a “good” symmetrizer with

N
def

SIVI= D (PalV]) " PalVI + (P-alV]) " P-a[V] + 10, "1,

n=1
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V‘Step 2 : Symmetrization

o %B)EO) has 2N distinct non-zero eigenvalues
A< < AN <0< A << Ay,

and an orthogonal null-space of dimension N, range(I,).

—_—~ e —~— _
— T~ ~——— N\
~— ~~—r" N g
N — N — N N —
Il
T

The spectral projections P4, are smooth and bounded as o — 0.

@ Perturbation :

18.1v] = 18O 4 uld + §BI[V](1d — 9% 4 68219 V] + O(0)
0 0

If N51°"V is sufficiently small, then the eigenvalues remain separated.
Moreover, P+1[V] and Znsz P.[V] + P_,[V] deviate only by O(p).
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V‘Step 2 : Symmetrization

o %B)EO) has 2N distinct non-zero eigenvalues
A< < AN <0< A << Ay,

and an orthogonal null-space of dimension N, range(I,).

~— — ~— N
——— ~— ~— s
T~ ~—" s N\
N — N — N N —
l
T

The spectral projections P4, are smooth and bounded as o — 0.

@ Perturbation :

18.1v] = 18O 4 uld + §BI[V](1d — 9% 4 68219 V] + O(0)
0 0

If N51°"V is sufficiently small, then the eigenvalues remain separated.
Moreover, P+1[V] and Znsz P.[V] + P_,[V] deviate only by O(p).

@ Thus we construct a “good” symmetrizer with
N
D (PalVD) T Pa[ VI + (P-o[V]) T P—a[V] + 1, T 1Y,

n=1

def

S[v] &
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Step 3 : Energy estimates (d = 1)
(5O + s nav + (S(O)+5(1)[V])/\5(é8(°)+B(1)[V])8XV - o.

with A* = (Id — 92)*/? and
I—IslowB(O) — O(Q) : 5(1)[V](Id _ I-ISIOW) _ O(Q)

Introduction
0000

SOV = sYM*Y V] = 0(p).

L? inner product with A*V yields

((5<0)+5“)[V]) v, \/):

d
dt

N =

([z)x.(5(‘”+5<”[V])(15<°)-B“)[vm VAV

1 . R
+5([06, 89 + SOVIA VA V).

%7

N[ =

= if V(t =0) € H°, s > 1+ d/2 and satisfies (H), then
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Step 3 : Energy estimates (d = 1)
(s<°>+s(l>[v1)/\satv + (S(O)—&—S(l)[v])/\s(%B(o)+B(1)[V]>8XV — 0
with A* = (Id — 92)*/? and

melow g0 — 0(0) 5(1)[V](Id _ rlSlOW) =0(0) 5(1)[\/] _ 5(1)[|'|slow V] = 0(o).

L? inner product with A*V vyields
1d 0, o sy Ay —
2dt((s + SOVAY, A v)f

1

0

1 © , o 1o, g Sy/AS

+5([00 (89 + PV (589 + BUV) NV AV

((5(o)+5(1)[\/]) A%, B(O)JFB(I)[V]]aXv,ASV)

+ % (06,59 + SOV AV, AV,

if , and satisfies (H), then
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Step 3 : Energy estimates (d = 1)
(8@ +sOv)nav + (5“”+5(1)[V])/\5(%B(O>+B(1>[V])axv = 0.
with A* = (Id — 92)*/? and

melow g0 — 0(0) 5(1)[V](Id _ rlSlOW) =0(0) 5(1)[\/] _ 5(1)[|'|slow V] = 0(o).

L? inner product with A*V vyields
1d

52 (SO + sV ay) =

(@ + P, 2
n %([@7 (5(0) + 5(1)[\/])(;3(0) + B(l)[v])]/\SV,ASV)

B(O) + B(l)[v]]ax\/?/\s V)

+ % (06,59 + SOV AV, AV,

= if V(t =0) € H°, s > 1+ d/2 and satisfies (H), then
vee[0,T], ||V]],.(t) < Gl|V]],.:(0), and T '< G|V

s (0)-



Introduction Small data Weak stratification Continuous stratification
0000 [e]o]e} OO00000e0 0000

Completion of the proof
Proposition (A priori estimate)

Let s> 1+d/2 and V, W € C°([0, T); H®) be such that V satisfies (H) with ho, > 0
and 9;V € L*((0, T) x R), and

AW + éBQ)[V]aXW + BOVIaW + éB}(,O)[V]ayW + BY[VIO,W = R,
with R € L*(0, T; H®). Then one has for any t € [0, T],
(0) + Co/ )Ry

’ rlslow at

) < GoeSt W],

! ’
Hs(t )dt

with Gy, Ci = C(ho‘l

) H VHLOO(O,T;HS)’ 9||3fv||Loo([o,T]de)7 | VHLoo([o,and))'

Apply Proposition to W = V solution to (FS) = uniform energy estimate
Standard blow-up criteria =

Banach-Alaoglu = . Passing to the limit in the equation (thanks to
Aubin-Lions Lemma for nonlinear terms) =

Apply Proposition to W = 9,V ~~

In particular, if V, is well-prepared, then V, — V4.

© 0 ©0 ©

Apply Proposition to V' — Vi, where we construct Viap, = VRE Ly
Strichartz estimate on VA" ~ coupling effects are weak ~~
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Completion of the proof
Proposition (A priori estimate)

Let s> 1+d/2 and V, W € C°([0, T); H®) be such that V satisfies (H) with ho, > 0
and 9;V € L*((0, T) x R), and

AW + éBﬁ")[V]aXW + BOVIaW + éB}(,O)[V]ayW + BY[VIO,W = R,
with R € L*(0, T; H®). Then one has for any t € [0, T],
1 (0)+ Go / LRl (¢)ae

with G, G = C(ho_lv H VHLO@(O,T;HS)’ g”atVHL"O([O,T]x]R")’ HHSIOWa‘VHLm([O,T]xR"))'

< Coeclt

@ Apply Proposition to W = V solution to (FS) = uniform energy estimate
Standard blow-up criteria = large time existence.

Banach-Alaoglu = . Passing to the limit in the equation (thanks to
Aubin-Lions Lemma for nonlinear terms) =

Apply Proposition to W = 0,V ~~

In particular, if V, is well-prepared, then V, — V.

Apply Proposition to V' — Vipp, where we construct Vi, ~ VRL L AW
Strichartz estimate on VA" ~ coupling effects are weak ~~
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Completion of the proof
Proposition (A priori estimate)

Let s> 1+d/2 and V, W € C°([0, T); H®) be such that V satisfies (H) with ho, > 0
and 9;V € L*((0, T) x R), and

AW + éB@[V]aXW + BOVIaW + éB}(,O)[V]ayW + BOVIa,W = R,
with R € L*(0, T; H®). Then one has for any t € [0, T],
H s (0) + Co/ (=)

with Co, C1 = C(ho_l’ H VHLOO(O,T;HS)’ Q”atVHLOO([O,T]x]RC’)’ HHSIOwatV”Lm

/

< Coeclt

t')dt

([07T1><R"))'

@ Apply Proposition to W = V solution to (FS) = uniform energy estimate
Standard blow-up criteria = large time existence.

@ Banach-Alaoglu = V, — V4. Passing to the limit in the equation (thanks to
Aubin-Lions Lemma for nonlinear terms) = V} satisfies (RL).
Apply Proposition to W = 0,V ~~
In particular, if V, is well-prepared, then V, > V.
Apply Proposition to V' — Vi, where we construct Vi, ~ VR L AW
Strichartz estimate on VA" ~ coupling effects are weak ~-
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Completion of the proof

Proposition (A priori estimate)

Let s> 1+d/2 and V, W € C°([0, T); H®) be such that V satisfies (H) with ho, > 0
and 9;V € L*((0, T) x R), and

W + éBﬁo)[V]aXW + BOWVoW + éB}(,O)[V]ayW + BY[VIo,W = R,
with R € L}(0, T; H%). Then one has for any t € [0, T,
t
w0 +6 [ AR

with Co, C1 = C(hgl’ H VHLOO(O,T;HS)’ gHatVHLOO([O,T]x]Rd)’ HHSIOwatVHLW([OyT]XRd))-

W]

we() < COeCItHW|

! !
Hs(t )dt

@ Apply Proposition to W = V solution to (FS) = uniform energy estimate
Standard blow-up criteria = large time existence.

@ Banach-Alaoglu = V, — V4. Passing to the limit in the equation (thanks to
Aubin-Lions Lemma for nonlinear terms) = V} satisfies (RL).

© Apply Proposition to W = 9,V ~ well-prepared initial data propagates.
In particular, if V, is well-prepared, then V, — V.
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Completion of the proof
Proposition (A priori estimate)

Let s> 1+d/2 and V, W € C°([0, T); H®) be such that V satisfies (H) with ho, > 0
and 9;V € L*((0, T) x R), and

W + éBﬁo)[V]aXW + BOWVoW + éBﬁo)[V]ayW + BY[VIo,W = R,
with R € L}(0, T; H%). Then one has for any t € [0, T,
t
w0 +6 [ AR

with Co, C1 = C(hgl’ H VHLOO(O,T;HS)’ QHatVHLOO([O,T]x]Rd)’ HHSIOwatVHLW([OyT]XRd))-

W]

we() < COeCItHW|

! !
Hs(t )dt

@ Apply Proposition to W = V solution to (FS) = uniform energy estimate
Standard blow-up criteria = large time existence.

@ Banach-Alaoglu = V, — V4. Passing to the limit in the equation (thanks to
Aubin-Lions Lemma for nonlinear terms) = V} satisfies (RL).

© Apply Proposition to W = 9,V ~ well-prepared initial data propagates.
In particular, if V, is well-prepared, then V, — V.

@ Apply Proposition to V — Vapp, where we construct Vi, ~ VR 4+ v
Strichartz estimate on VA" coupling effects are weak ~» V — V,,, — 0.
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Main result
8t% + Qil va:l V- (h,-u,-) =0

0eCo+ SN, V- (hiu;) =0 (FS)

Owup, + 971'}’;1v% + 'Y;l Zfzz VG + (u, - V)u, =0

with hp = 0y 4 Co — Coy1, where 8, ry C (0,00), 7, &~ 1 and .

Main results

Let (2, u% € H® (s > 1+ 2) such that h, > hy > 0 and G0 uo

nyYn o750 Hn

e <M.

There exists v > 0 such that if |u,, — U1, <V, then

@ There exists T(M, hy') > 0 and a unique strong solution U, € C([0, T]; H*).

Q As 90— 0, ((n,psun,,) converges weakly towards a solution to (RL).
Q If [V, + |2, V- (hu)
@ We can construct U,pp,=(RL)+(AW), such that U, — U,p, — O strongly.

0 Reics .
s < oM"initially, then the CV is strong.




@ Continuous stratification
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Temperature vs depth
Temperature at: 10s10w 17-Jan-2013
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0:Cn + Z,N:,,V . (h,-u,-) =0

8tun + ’Yn_l Z,r']:l rin + (un . v)un =0
with hy = 6y + (o — Cosr, n=1... N.



Introduction Small data Weak stratification Continuous stratification

0000

0:Co+ SNV - (hiu;) =0

8tun + ’Yn_l Z,r']:l riVCi + (un : v)un =0
with By = 6p+ (o — Cost, n=1... N.

In other words,

O¢hn + V- (houy) =0
Oettp + 7, 1520 1 Vh + (U V)u, =0

Formally, one obtains in the limit N — oo (continuous stratification)

3thz + V . (hzuz) - 0

Oeuz +7(2) *MVh; + (uy - V)u, =0
with z € [0,1] and

def ! _7/(2) ? A 7(1) ! NS
(Mn)(z) = /Z W/o n(z"")dz"dz +W/o n(z")dz".
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Related models
Our system is resembles the Benney system [Benney '73]

(9ch + V- (hzuz) =0

deuz +(2) *MVh, + (uy - V)u, =0
with z € [0, 1] and

def 7(1) ! s ! _A//(Z) .Z/T Nd2"ds
) ® Sy J, e [ ) e,

Following , notice that
S|
f(t,x,v) o / h(t, x,z)0u(tx,z)(v) dz
Jo
satisfies the “Vlasov-Dirac-Benney equations”

Otf +v-Vyf —(Vgp) -V, f=0
with p(t,x) = Mh = [gq f(t,x,v) dv.
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Related models
Our system is resembles the Benney system [Benney '73]

dth, +V - (hu) =0

Oruy +(z) *MVh, + (u; - V)u, =0
with z € [0, 1] and

!

def 7‘(1) ! s ! _7/(2) ‘ n(z"Vdz"dz’
(o) & s [ [ [ e

— 7Y

/

Following [Grenier '96], notice that

1
WWW¥AMW@%WWNZ

satisfies the “Vlasov-Dirac-Benney equations” [Bardos-Besse '13]
Otf +v-Vxf —(Vgp) -V, f=0
with p(t,x) = Mh = [gq f(t,x,v) dv.
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Related models
Our system is resembles the Benney system [Benney '73]

3thz + V- (hzuz) =0

Owuy ++(z) *MVh, + (u; - V)u, =0

Following [Grenier '96], notice that

1
/ h(ta X, Z)(Su(t,x,z)(v) dz

0
satisfies the “Vlasov-Dirac-Benney equations” [Bardos-Besse '13]

8tf+ V. va - (pr) . VVf =0
with p(t,x) = Mh = [p4 f(t,x,v) dv.

F(t,x,v) <

Well-posedness of the Vlasov-Dirac-Benney equations

WP for analytic data [Grenier '96] . lll-posed in any Sobolev space.
WP for Sobolev data with the shape of a bump (d = 1) [Bardos, Besse '13]
WP for Penrose stable, Sobolev initial data [Han-Kwan, Rousset '15].
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Hyperbolicity

None of the previous approaches pass to the limit as N — oo.

0000 [e]o]e}

@ The energy (Hamilton functional) is

1 @Iyt ) [
E:E./w“ 30 - ) f/o :<o>f<»(1>"/o &

but the Hessian D?E is not positive definite

2 2
+7,(z)hz}u2’

@ In absence of shear velocities, eigenvalues accumulate around @.

= = =
— ~~— N =
N N /= N
Ny
However, by , the spectrum is real if

_A~)
%‘()Zuz}z <@

~ Analytic (Gevrey?) well-posedness.
~~ Use mass-exchange / capillarity / dispersion / artificial high-frequency cut-off.
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Hyperbolicity
None of the previous approaches pass to the limit as N — oo.
@ The energy (Hamilton functional) is

1
1 h, 2 1 A z
E:l/ ¢+ 10l |+/ 7(2) ’/ ha
2 Jpo 7(0) = (1) Jo v(0) —(1) 1 )o
but the Hessian D?E is not positive definite [Abarbanel et al '86,
Holm&Long '89, Ripa '90].

2 2
+ 'Y(Z)hz|uz|

)

—_ = ~—— _"_
R —— =
—_ N _a. =
) S U S

Analytic (Gevrey?) well-posedness.
Use mass-exchange / capillarity / dispersion / artificial high-frequency cut-off.
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Hyperbolicity
None of the previous approaches pass to the limit as N — oo.

@ In absence of shear velocities, eigenvalues accumulate around @.

e e
== == = ==

N —

NV

However, by [Miles '61, Howard '61], the spectrum is real if

1 2 —'(2)

2% < Sy

~» Analytic (Gevrey?) well-posedness.
~~ Use mass-exchange / capillarity / dispersion / artificial high-frequency cut-off.



Thank you for your attention |

Questions ? ldeas ?
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