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/42MOTIVATION 2

Maxwell’s equations (no charge, current)

∇ · (εE) = � ∇ ·B = �

∇×E = −∂XB
∇× (B/µ) = −ε∂XE

µ = µ�

Transverse electric mode (TE) E = ()\, )], �) B = (�, �, &^)

Harmonic solutions

∇(∇ ·E)−∇�E = ω�µ�εE

Scalar approximation 	

	

 	

 	

 Helmholtz equation!

ε = ε(\)

E = U(\, ^)IMωX
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Paraxial wave solutions

Helmholtz equation

−∇�E = ω�µ�εE

) = %(\, ^)IM(β^+ωX)

∂�\ %+ ∂�^ % + �Mβ∂^%+ (ω�µ�ε− β�)% = �

Paraxial approximation 	

 	

  Schrödinger equation!
�Mβ∂^%+ ∂�\ % + (ω�µ�ε− β�)% = �

We seek localised (in x) propagating waves, so discrete 
eigenvalues of the Schrödinger operator ,: ≡ (−∂�\ + :)

) = %(\, ^)IM(β^+ωX)
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We seek localised (in x) propagating waves, so discrete 
eigenvalues of the Schrödinger operator 
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We study the eigenvalue problem

For any           ,                                   , and 

If                     then
is a discrete eigenvalue (bound state)

Scattering on the line

  

   
    

    

7

 



(
− H�

H\� + :
)
ψ = ) ψ

|X(O)|� + |V±(O)|� = �O ∈ R )(O) = O� > �

|X(κ)| = ∞ κ = Mθ, θ > �, )(κ) = −θ� < �
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We study the eigenvalue problem

Th’m (Simon ’76): Assume                             and 

    Then there exists a bound state                      and

Scattering on the line

  

   
    

    
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 



)λ

(�+ |\|�): ∈ 0�
∫
: ≤ �

θ = −�
�

∫
:− λ

�
�

∫∫
:(\)|\− ]|:(]) + S(λ)

)λ = −λ�θ�

(
− H�

H\� + λ:
)
ψ = )λ ψ
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The case of a localized microstructure
Homogenization
The effective mass
Consequences
Sketch of the proof

The case of an oscillatory background
Floquet-Bloch mode
Introduction of a localized defect
Sketch of the proof
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Outline of the talk 11



/42A localized microstructure
We study the eigenvalue problem

where                            , with                   localized 
                                       and                    is   -periodic

We seek the distorted plane waves of (E) under the form

  

    
  

   
  

12

1

(E)
(
− H�

H\� + Uε
)
ψε = )ε ψε

Uε(\) = U(\, \/ε) \ !→ U(\, ·)
] !→ U(·, ])

IUε+ (\) ≡ *ε(\, \/ε) ≡ *�(\, \/ε) + ε*�(\, \/ε) + ε�*�(\, \/ε) + . . .
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We study the eigenvalue problem

We seek the distorted plane waves of (E’) under the form

One obtains:
•                                with   

• 

•

14

(E’)
(
−
( ∂

∂\
+
�
ε

∂

∂]

)�
+ U(\, ]) − O�

)
*ε(\, ]) = �,

*ε(\, ]) ≡ *�(\, ]) + ε*�(\, ]) + ε�*�(\, ]) + . . .

*�(\, ]) = *(L)� (\)
UEZ(\) ≡

∫ �
� U(\, ]) H]

(− H�

H\� + UEZ − O�)*(L)� = �

*�(\, ]) ≡ �

*�(\, ]) = *(L)� (\) + *(T)� (\, ])

XUε(O) = XEZ(O) + ε�X�(O) + O(ε�)
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The potential  	

 	

 	

  is an exceptional potential!

	

 	

 Generically, 

A non-uniform expansion 17
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Thus if 	

 	

 	

 	

 	

 	

   , the expansion is not uniform.
∫ �
� U(·, ]) H] = �

XUε(O) = XEZ(O) + ε�X�(O) + O(ε�)

X:(O) � � (O � �)
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Th’m (VD,  M.I. Weinstein, I. Vukicevic ’12)
Let	

 	

 	

 	

                 be smooth, exponentially decaying.
Then there exists 	

	

 	

  and 	

  a complex neighborhood of    
s.t.

19

where

Corollaries. Assume moreover that 
i) Uniformly in 

ii) Scaled limit	

 	

    ,

iii) Bound state
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The eigenvalue problem
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If	

 	

 	

 is sufficiently small

23

with 	

 	

 	

 	

 	

 	

 	

 	

 	

 has a unique eigenvalue:

 


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Define the Jost solutions 

The Jost solutions are the unique solutions to Volterra equation

24

One has

  

    
  

   
  



/42Sketch of the proof

Define the Jost solutions 

The Jost solutions are the unique solutions to Volterra equation

25

One has

  

    
  

   
  



/42Sketch of the proof 26

One has

More generally,

Integration by part, with well-chosen potentials yields
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Pseudo-periodic eigenvalue problem
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5(\+ �) = 5(\)

ψ(\ + �; O) = I�πM Oψ(\; O)
(
− H�

H\�
+ 5

)
ψ = )(O) ψ

Or, equivalently,
(
− (

H
H\

+ �πM O)� + 5
)
T = )(O) T T(\+ �; O) = T(\; O)

For any 	

 	

 	

 	

 	

 there exists O ∈ (− �� ,
�
� ] )�(O), )�(O), . . .




  

















 {TF(\; O)}F�N orthonormal set in 0�per([�, �])

{YF(\; O) � I��M O\TF(\; O)}F�N

complete in 0�(R)

Floquet-Bloch states,

�(\; O) � I��M O\TF(\; O)
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Let 	

 	

 	

 	

  be a spectral band edge, and assume




  



















  













  













30Bifurcation of eigenvalues

Th’m (VD,  M.I. Weinstein, I. Vukicevic ’12)
)� = )F(O�)

��O )F�(O�) > �

��O )F�(O�) < �

Then there exists an eigenpair 	

	

 	

 	

 of the problem()�, ��)

and

andor

� �

��
|YF�(\; O�)|�:(\) H\ < �

� �

��
|YF�(\; O�)|�:(\) H\ > �

(
− H�

H\�
+ 5 + λ:

)
ψλ = )λ ψλ
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Moreover, one has

31The effective problem
Th’m (VD,  M.I. Weinstein, I. Vukicevic ’12)
Let	

 	

 	

 	

 -periodic and : � 0�, (�+ | · |): � 0�15 � 0�

Let 	

 	

 	

 	

  be a spectral band edge, and assume)� = )F(O�)

��O )F�(O�) > �

��O )F�(O�) < �

Then there exists an eigenpair 	

	

 	

 	

 of the problem()�, ��)

and

andor

� �

��
|YF�(\; O�)|�:(\) H\ < �

� �

��
|YF�(\; O�)|�:(\) H\ > �

(
− H�

H\�
+ 5 + λ:

)
ψλ = )λ ψλ

)λ − )∗ = λ�)� +O(λ�) ψλ ≈ YF∗(\; O∗)I
−λα�|\|

(
− ∂O)F∗ (O∗)

�π�
H�

H]� + δ(])×
∫∞
−∞ |YF∗(\; O∗)|�:(\) H\

)
ψ� = )�ψ�

()�,ψ� ≡ I−α�|\|)
and

where	

	

 	

 	

 	

 	

 	

 is the solution of the effective problem
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Moreover, one has

Th’m (VD,  M.I. Weinstein, I. Vukicevic ’12)
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5 = �

YF(\; O) = I�M� O \)�(O) = ���O�
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− H�

H\�
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ψλ = )λ ψλ

) = λ�)� +O(λ�) ψλ ≈ I−λα�|\|

(
− H�

H]� + δ(])×
∫∞
−∞ :(\) H\

)
ψ� = )�ψ�

  











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We study the eigenvalue problem

34

Near and far frequency decomposition:

(
− �π�ξ� − )λ

)
ψ̂λ(ξ) + λ

(
:̂ % ψ̂λ

)
(ξ) = �

(
− H�

H\� + λ:
)
ψλ = )λ ψλ

Equivalently,

(
�π�ξ� − )λ

)
ψ̂near(ξ) + λχ(|ξ| < λV)

∫ ∞

−∞
:̂(ξ − ζ)(ψ̂far + ψ̂near)(ζ) = �

(
�π�ξ� − )λ

)
ψ̂far(ξ) + λχ(|ξ| > λV)

∫ ∞

−∞
:̂(ξ − ζ)(ψ̂far + ψ̂near)(ζ) = �

ψ̂λ ≡ χ(|ξ| > λV)ψ̂λ + χ(|ξ| < λV)ψ̂λ ≡ ψ̂far + ψ̂near

� = χ(|ξ| < λV) + χ(|ξ| > λV)
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Equivalently,

(
�π�ξ� − )λ

)
ψ̂near(ξ) + λχ(|ξ| < λV)

∫ ∞

−∞
:̂(ξ − ζ)(ψ̂far + ψ̂near)(ζ) = �

(
�π�ξ� − )λ

)
ψ̂far(ξ) + λχ(|ξ| > λV)

∫ ∞

−∞
:̂(ξ − ζ)(ψ̂far + ψ̂near)(ζ) = �

ψ̂λ ≡ χ(|ξ| > λV)ψ̂λ + χ(|ξ| < λV)ψ̂λ ≡ ψ̂far + ψ̂near

� = χ(|ξ| < λV) + χ(|ξ| > λV)
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Far frequency equation

36

ψ̂far ≡ χ(ξ > λV)ψ̂far

ψ̂far(ξ) + λT λψ̂far + λT λψ̂near = �

So ψ̂far(ξ) = −λ
(
- + λT λ

)−�T λψ̂near is uniquely determined. 

Near frequency equation

ψ̂near ≡ χ(ξ < λV)ψ̂nearis a closed equation on 

(
�π�ξ� − )λ

)
ψ̂far(ξ) + λχ(|ξ| > λV)

∫ ∞

−∞
:̂(ξ − ζ)(ψ̂far + ψ̂near)(ζ) = �

(
�π�ξ� − )λ

)
ψ̂near(ξ) + λχ(|ξ| < λV)

∫ ∞

−∞
:̂(ξ − ζ)(ψ̂far + ψ̂near)(ζ) = �
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Far frequency equation
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ψ̂far(ξ) + λT λψ̂far + λT λψ̂near = �

So ψ̂far(ξ) = −λ
(
- + λT λ

)−�T λψ̂near is uniquely determined. 

Near frequency equation

ψ̂near ≡ χ(ξ < λV)ψ̂nearis a closed equation on 

ψ̂far ≡ χ(ξ > λV)ψ̂far

(
�π�ξ� − )λ
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ψ̂near(ξ) + λχ(|ξ| < λV)
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Near frequency equation

ψ̂near ≡ χ(ξ < λV)ψ̂nearis a closed equation on 

(
�π�ξ� − )λ

)
ψ̂near(ξ) + λχ(|ξ| < λV)

∫ ∞

−∞
:̂(ξ − ζ)(ψ̂far + ψ̂near)(ζ) = �

After a rescaling: )λ = −λ�θ� ξ = λξ′

(
�π�ξ′� + θ�

)
φ̂λ(ξ′) + χ(|ξ′| < λV−�):̂(�)

∫ ∞

−∞
φ̂λ = 6

6 = O(λV,λ�−V)with

ψ̂near =
�
λ φ̂

λ( ξλ )

Perturbation of 
(
�π�ξ′� + θ�

)
φ̂λ(ξ′) + :̂(�)

∫ ∞

−∞
φ̂λ = �

(
− H�

H]� + θ�
)
φλ(]) + :̂(�)× δ(])φλ = �
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Near frequency equation
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/42Sketch of the proof (Q=0) 40

Near frequency equation
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(
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Photonic Crystal Simulation

Computer Simulation Technology

Perspectives

Our work indicates the 
existence of a solution of 
Maxwell’s equations with 
u(x,z), localized in x, for a
careful choice of 
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) = %(\, ^)IM(β^+ωX)

β(ω, µ�, ε�)

Institut für Theoretische Festkörperphysik (Photonics Group), Karlsruhe
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• Numerical evidence

• 

• Multi-dimensional case (2-dimensional structures)

• full Helmholtz equation

• non-small defect, etc.

(
− H

H\ E(\)
H
H\ + :(\)

)
ψ(\) = ) ψ(\)

) = %(\, ^)IM(β^+ωX)

−∇�E = ω�µ�εE

β(ω, µ�, ε�)

(TM mode)


