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MOTIVATION 242

Maxwell’s equations (no charge, current)

V-eE)y=0 V-B=0

V X E — —8tB

e=c¢c(x) [ = lo




MOTIVATION 2
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Maxwell’s equations (no charge, current)

V-eE)y=0 V-B=0

v X E — —8tB

e = &(x) = Lo

Transverse electric mode (TE) E = (E,,E,,0) B = (0,0,B,)

Harmonic solutions E = U(x, z)e™“"

V(V-E) - V2E = w?uecE



MOTIVATION 4

u(x,z)e
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Maxwell’s equations (no charge, current)

V-eE)y=0 V-B=0

v X E — —8tB

e = &(x) = Lo

Transverse electric mode (TE) E = (E,,E,,0) B = (0,0,B,)

Harmonic solutions E = U(x, z)e™“"

M— V2E = w?ocE

Scalar approximation ~~>  Helmholtz equation



MOTIVATION

Helmholtz equation Y

—VZE — wz,uer

Paraxial wave solutions

E = A(x, z)e/(Pz+e1)

O?A + O*A + 2iBO,A + (w? e — A =0

5 /42

E = A(x,z)e'Pzted



MOTIVATION E_ A, p)eiBees

Helmholtz equation v

—VZE — wz,uogE

Paraxial wave solutions

E = A(x, z)e/(Pz+e1)

O2A + QR + 2iBO,A + (wPpioe — B2)A =0
Paraxial approximation A~ Schrodinger equation

2iB0,A + OA + (Wi — B2)A =0

We seek localised (in x) propagating waves, so discrete

eigenvalues of the Schrodinger operator Hy = ( i@ | V(x))




Scattering on the line 7142

We study the eigenvalue problem

(—& +V)y = Ey




Scattering on the line é o142

. i E(k)=Kk?
We study the eigenvalue problem

(-& +V)y = Ep

g t(k)e' t(k)e 'k o 1kx
re (k)e 'k r_ (k)e'x

Forany k € R, [t(k)]>+ |re(K)]> =1 ,and E(k) = k> >0




Scattering on the line é o142

. i E(k)=Kk?
We study the eigenvalue problem

( jlev)w:’:—w

g t(k)e' t(k)e 'k o ikx
re (k)e 'k r_ (k)e'x

Forany k € R, [t(k)]>+ |re(K)]> =1 ,and E(k) = k> >0

Xo

If |t(k)] =00 then x=1i0,0 >0, E(k) = —6* <0
is a discrete eigenvalue (bound state)



Scattering on the line E 04

. i E(k)=k?
We study the eigenvalue problem

(-5 + W)y = BNy

0
| X E
g kx t(k)e'*> t(k)e™ KX o 1kx
re (k)e ' r- (k)e'kx

Th’m (Simon °76): Assume (1 + x> )V e L' and [V <O

Then there exists a bound state E* — —)\26? and

g — —%/V—)\% //V(x)\x—y\V(y)Jro()\)




Outline of the talk 142

The case of a localized microstructure
Homogenization
The effective mass
Consequences
Sketch of the proof

The case of an oscillatory background
Floquet-Bloch mode
Introduction of a localized defect

Sketch of the proof \/ \/ \/ \/

Perspectives




A localized microstructure 12742

We study the eigenvalue problem

(- % +q. )9 = E ¢ (E)

where q_(x) = q(x,x/€) ,with x — q(x, ) localized
and y+— q(-,y) is 1-periodic

t(k)&*x te )] | o 1kx

{




A localized microstructure

We study the eigenvalue problem

q. ) v = E“yY°

d2

dx?

where q_(x) = q(x,x/€) ,with x — q(x, ) localized

ol kx W n

r. (k)e ”‘XJ\/\/\

il

|

t(k)e”

{

|

|

and y+— q(-,y) is 1-periodic

|

|

We seek the distorted plane waves of (E) under the form

| 3/42

(E)

e’c(x) = F(x,x/e) = Fo(x,x/e) + €eF\(x,x/e) + €*Fa(x,x/€) + ...



Homogenization 4042

We study the eigenvalue problem

(_ <§X ’ igy)z + qx,y) — k2>F€(x,y) _ 0 (F)

We seek the distorted plane waves of (E’) under the form

Fo(x,y) = Fo(x,y) + €eFi(x,y) + eze(x,y) + ...



Homogenization 5742

We study the eigenvalue problem

(_ (aax ’ lgy)z + qx,y) — k2>F€(x,y) _ 0 (F)

We seek the distorted plane waves of (E’) under the form
Fo(x,y) = Fo(x,y) + €eFi(x,y) + eze(x, y) + ...
One obtains:

* Fo(xy) =F(x)  with (~ qav—k2>F<”> =0
da(¥) = [ a(
o Filx,y) =

o F(x,y) = K" (x) + F (x,y)




Homogenization 6142

We study the eigenvalue problem

(_ <§X ’ igy)z + qx,y) — k2>F€(x,y) _ 0 (F)

We seek the distorted plane waves of (E’) under the form
Fo(x,y) = Fo(x,y) + €eFi(x,y) + eze(x, y) + ...
One obtains:

* Fo(x,y) =F3"(x)  with (=2 - qav—kz)F(h) —0
Gay (%) = [y a(
o Fi(x,y) =

o F(x,y) = K" (x) +F (x,y)




A non-uniform expansion 714

The potential V = 0 is an exceptional potential! to(k) = |
Generically, t'(k) — 0 (k — 0)



A non-uniform expansion L

The potential V = 0 is an exceptional potential! to(k) = |
Generically, t'(k) — 0 (k — 0)

Thus if fol q(-,y) dy = 0,the expansion is not uniform.

t9e (k) = ta (k) + *ta(k) + O(€)

k)

€ = 0.05
e =0.1 —
e =0.2

0) 0.02 0.04 0.06 0.08 0.1



Main result 19142

Th’m (VD, M.l. Weinstein, l. Vukicevic’12)
Let q.(x) = )_, qj(x)ez””é be smooth, exponentially decaying.

Then there exists ¢g > 0 and K a complex neighborhood of 0
S.t.

k k
k K < & C(K, [|VID.
\V/(E, ) S [07 60) X tgeff(k) 9. (k) >~ € C( 9 H)

2 (x) ]2
where Ueff(x) — _52 Aeff(x) — (2;)2 Z ‘qj()z()‘
BT




Main result 20/42

Th’m (VD, M.l. Weinstein, l. Vukicevic’12)
Let q.(x) = )_, qj(x)ez””f be smooth, exponentially decaying.
Then there exists ¢g > 0 and K a complex neighborhood of 0

s.t. ‘ "
V(e k 0 K < & C(K
(k) €10, 0) (k) (k) | —
where o.i(x) = —> Aug(x) = e Z ‘qf
(27)2 o

Corollaries. Assume moreover thatq,, (x) = qo(x) =
i) Uniformly in k e R SUPyer [t7°F (k) — t9e (k)| = O(e)

i) Scaled limitk = €%k, K # if/;eff lim t9¢ (e2k) = T

€—>O —IT

i) Bound state E° = kX k. = i% [Aer + O(&).

€




Main results 2142

Corollaries.

i) Uniformly in k e R SUpyepg [t7F (k) — te (k)| = O(e).
.. . B . [ A . 2 L K
i) Scaled limitk = €*x, k # i+5% lim tle (e*k) = v

i) Bound state E° = kX k. = i% [Aer + O(&).

€

o5

€
9 eff




sSummary 214

The eigenvalue problem

42
( dx? P ) VT = E* -
with q_(x qu )e’™<  is approximated by
70
the eigenvalue problem
d2 € € €
( dX2 eerlcf ) w — Eeff w

with A.g(x) = (2;)2 > o 'qfi.f” is approximated by

the eigenvalue problem
4
( dx?2
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If € > 0 is sufficiently small

d2
( dx2 IQE)WZEW
with q.(x) = » q(x)e” has a unique eigenvalue:
j70
62
E¢ = kg I(€ — Ii/Aeff -+ 0(63
iE(k)=k2




Sketch of the proof

eikx W ﬂ

r (k)e ka\/V\/

|

t(k)elkx

it

|

I

et (x; k)

Define the Jost solutions fx(X; k)

24/42




Sketch of the proof

eikX ﬂ t(k)eikx

r+ (k)e kXJ\/V\/

Define the Jost solutions

\/W et (x; k)

(x; k) =

t(k)

€1

25/42

(x; k)

The Jost solutions are the unique solutions to Volterra equation

fi(x;k) = e 4 /X

One has
k I
= k= —I"(k
tV (k) 2i (k).

eik(y—x) _ aik(x— y)

V(y)fy (y)

V(k) =

2ik

O

/.

V(x

)e_ikxﬁ (x; k)dx



Sketch of the proof 2642

One has
k | V V . > —ikx
e k= (k), (k) = /_OO V(x)e™"f, (x; k)dx

More generally,

i = s — "),

tV (k) tV (k) 2i
(k) = [ I - WL (K

Integration by part, with well-chosen potentials yields

k k
< & (K,

V(e k) € [0,€0) x K (k) (k) | —

V||).




Outline of the talk 27142

The case of an oscillatory background
Floquet-Bloch mode
Introduction of a localized defect

Sketch of the proof \/ \/ \/ \/

Perspectives




Floquet-Bloch states 28/42

Pseudo-periodic eigenvalue problem Q(x + |) = Q(x)
4
(=3 T Q)¢ =ER ¢ Plxt k) = e Y(xk)

Or, cejquivalently V(x; k) = e*™ ¥p, (x; k)
(= (G +2mik)* +Q)p = Ek)p  plx+ 15k} =px; k)




Floquet-Bloch states 29/42

Pseudo-periodic eigenvalue problem Q(x + |) = Q(x)
4
(=3 T Q)¢ =ER ¢ Plxt k) = e Y(xk)

Or, cejquivalently, V(x; k) = e*™ ¥p, (x; k)
(= (G +2mik)* +Q)p = Ek)p  plx+ 15k} =px; k)

For any k € (—5, 2] there exists Eq(k), E(k),...

{Pp(X; k) }benN orthonormal set in Léer([o, 1)

s (k) = € Fpy (1 k) boen
Floquet-Bloch states,
complete in L*(R)




Th’m (VD, M.l. Weinstein, I. Vukicevic’12)
Let E, = E,(k,) be a spectral band edge, and assume

8,3Eb* (k*) >0 and / |Ub* (X; k*)‘z\/(X) dx <0
or  O/E, (k.,) <0 and / up, (x; ki )|*V(x) dx > 0

Then there exists anzeigenpair (E>‘, ") of the problem

( d - Q + V)Yt = EM oyt

dx?




The effective problem

Th’m (VD, M.l. Weinstein, I. Vukicevic’l2)
Let Q € L® 1 -periodicand V& L™, (I +|-[)Vel
Let E,. = E,(k, ) be a spectral band edge, and assume

O

OLEy_ (k,) > 0 and / lup, (x; ki )|?V(x) dx < 0

O

or  O/E, (k.,) <0 and / up, (x; ki )]*V(x) dx > 0

— O

Then there exists anzeigenpair (E/\, ") of the problem

d
( o7 Q + \V)yr = ENyp?

Moreover, one has
E* —E. = \Eo + O(N\?)  and V™ & up (x; k*)e—Aao|X|
where (Eo, Yo = e_a°|x|) is the solution of the effective problem

ak s S 2 | S . —
(= 5D b 5y x [ Ju, (x;ka)[PV(x) dx o = Eotde




The Case Q=0

Th’m (VD, M.l. Weinstein, l. Vukicevic ’I2)
fQ=0and VL™ (I+]- Vel -

Eo(k) = 472k* and up(x; k) = 2™ kX

32/42

-1/2 0



The Case Q=0 33142

Th’m (VD, M.l. Weinstein, l. Vukicevic ’I2)
fQ=0and VL™ (I+]- Vel -

Eo(k) = 472k* and up(x; k) = 2™ kX

/2 0% 172

Then there exists anzelgenpalr (E>‘, ") of the problem
d
- AV = B P
( dxz ) w w
Moreover,one has E = \Ey+ O(N\}) and 9" = e~ Aol

where (Eg, 1y = e_o“"x') is the solution of the effective problem

( jyzz ) x [T V(x) dx )ty = Eotho




Sketch of the proof (Q=0) 442
E*

We study the eigenvalue problem ( ;’Xzz FAV ) ¢

AN AN

Equivalently, ( — 47262 — EMy* (&) + A(Vx9?)(€) = 0



Sketch of the proof (Q=0) 3542

We study the eigenvalue problem ( j’xzz FAV ) ¢ E* o

Equivalently, ( — 47262 — EMy* (&) + A(Vx9?)(€) = 0

Near and far frequency decomposition: | = y(|¢] < A7) + x (€] > ')

0N = x(1€] > M) + x(1€] < AP = Par + Ynear

(47‘-252 - EA)?Zfar(g) T AX(‘& > )\r)/_ /\7(5 o C) ({p\far + {p\near)(C) =0

(47262 — ENdnenr(€) + Ax(1€] < A / V(E = O) (Dt + Drean) (€)= O




Sketch of the proof (Q=0) 3642

Far frequency equation {D\far = x(& > )\r){b\far

(47262 — EN i (€) + Ax(IE] > N / V(E — O (Do + Doens) (€)= 0

{p\far(g) =+ ATA{b\far + >\T>\{p\near = 0



Sketch of the proof (Q=0) 7142

Far frequency equation {D\far = x(& > Ar)l/b\far

(4726 — ENdran(€) + Ax(€] > ) / V(E — O (Boar + Buens) () = 0
{p\far(g) T )\TA{b\far + )\TA{ﬁ\near =

So ?Zfar(f) — —)\(I + )\T’\)_ITMZHGM is uniquely determined.

Near frequency equation

(47262 — ENdhnear(€) + Ax(1€] < N / V(e — O + Do) (€) = O

is a closed equation on @near = x(& < X)lgnear



Sketch of the proof (Q=0) 3842

Near frequency equation

(47(252 o E)\){b\near(g) T )\X(‘g‘ < )\r)/ /\7(5 o C) ({b\far + &near)(g) — O

— OO

is a closed equation on @near = x(& < )\r)zznear



Sketch of the proof (Q=0) 39142

Near frequency equation

(47(252 o E)\){b\near(g) T )\X(‘g‘ < )\r)/ /\7(5 o C) ({b\far + &near)(g) — O

— OO

is a closed equation on @near = x(& < )\r)@near

After a rescaling: E* = —\26? §=A¢ Vnear = %cb/\(%

O

(47262 + 02) M) + x(I€'] < A= WV(0) / > — R

with R= O\, \'™") o



Sketch of the proof (Q=0) 0

Near frequency equation

(47(252 o EA){D\neal“(g) T )\X(‘g‘ < )\r)/ /\7(5 o C) ({b\far + &near)(C) — O

— OO

is a closed equation on @near = x(& < )\r)@near

After a rescaling: E* = —\26? §=A¢ Vnear = %cb/\(%

O

(472 + 02 M) + x(I€'] < N WV(0) / > — R
with R= O\, ') e
Perturbation of (4W2§’Z+6’2)$)‘(§’) + V(0) /OO o = 0

( ;’;2 -02) oM y) + V(0) x S(y)¢* = O



Perspectives

Our work indicates the
existence of a solution of
Maxwell’s equations with
u(x,z), localized in x, for a
careful choice of 5(w, o, €o)

http://updates.cst.com/Content/Applications/Article/Photonic+Crystal+Simulation

i HT r 29 Institut fiir Theoretische Festkorperphysik (Photonics Group), Karlsruhe


http://updates.cst.com/Content/Applications/Article/Photonic+Crystal+Simulation
http://updates.cst.com/Content/Applications/Article/Photonic+Crystal+Simulation
http://updates.cst.com/Content/Applications/Article/Photonic+Crystal+Simulation
http://updates.cst.com/Content/Applications/Article/Photonic+Crystal+Simulation
http://updates.cst.com/Content/Applications/Article/Photonic+Crystal+Simulation
http://updates.cst.com/Content/Applications/Article/Photonic+Crystal+Simulation

Perspectives | 42
P E = A(x,z)e/(Pz et

Our work indicates the
existence of a solution of
Maxwell’s equations with
u(x,z), localized in x, for a
careful choice of 5(w, o, €o)

y L,

* (= Za(x)L + V(x) ) ¢¥(x) = E¢(x) (TM mode)

* Multi-dimensional case (2-dimensional structures)

e Nlumerical evidence

o full Helmholtz equation —V?’E = w?/ocE

* hon-small defect, etc.



